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A set S of vertices in a graph G is a total dominating set of G if every vertex of G is adjacent
to some vertex in S. The minimum cardinality of a total dominating set of G is the total
domination number γt(G) of G. The graph G is total domination edge critical if for every
edge e in the complement of G, γt(G+ e) < γt(G). We call such graphs γtEC . Properties of
γtEC graphs are established.
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1. Introduction
Formany graphparameters, criticality is a fundamental question.Muchhas beenwritten about graphswhere a parameter
increases or decreases whenever an edge or vertex is removed or added. Sumner and Blitch [27] began the study of those
graphs, called domination edge-critical graphs, where the (ordinary) domination number decreases on the addition of
any edge. This concept was further investigated in [3,8–10,26–28,30,33] and elsewhere. The study of total domination
edge-critical graphs, defined analogously, was initiated by van der Merwe [31] and continued in [13,16,17,19–22,31] and
elsewhere. The study of total domination vertex-critical graphs was started by Goddard et al. [12]. Edwards [5] was the first
to investigate paired domination edge-critical graphs which was studied further in [6]. In this paper we continue the study
of total domination edge-critical graphs.
Domination in graphs is well studied. A dominating set of a graph G is a set S of vertices of G such that every vertex in
V (G)\S is adjacent to a vertex in S. The domination number ofG, denoted by γ (G), is theminimumcardinality of a dominating
set. The graph G is said to be domination edge critical, or γ EC , if for every edge e ∈ E(G), γ (G+ e) < γ (G). The literature on
this subject has been surveyed and detailed in the two books by Haynes, Hedetniemi, and Slater [14,15].
The study of total domination in graphs was introduced by Cockayne, Dawes, and Hedetniemi [4]. A total dominating set,
abbreviated TDS, of a graph G is a set S of vertices of G such that every vertex is adjacent to a vertex in S. Every graphwithout
isolated vertices has a TDS, since S = V (G) is such a set. The total domination number of G, denoted by γt(G), is theminimum
cardinality of a TDS. A TDS of G of cardinality γt(G) is called a γt(G)-set. Total domination in graphs is now well studied in
graph theory [23,29].
1.1. Total domination edge-critical graphs
A graph G is said to be total domination edge critical, or γtEC , if for every edge e ∈ E(G), γt(G + e) < γt(G). (We remark
that a γtEC graph is also called a γt-critical graph in the literature.) If G is γtEC and γt(G) = k, we say that G is ktEC . For
example, the 5-cycle is 3tEC . A 4tEC graph G4,t and a 5tEC graph G5,t are shown in Fig. 1(a) and (b), respectively.
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(a) G4,t . (b) G5,t .
Fig. 1. A 4tEC graph G4,t and a 5tEC graph G5,t .
The complete graphs Kn, n ≥ 2, are vacuously 2tEC . If G is a graph with γt(G) = 2 and G is not complete, then γt(G+ e)
= γt(G) for every edge e ∈ E(G). Hence every 2tEC graph is complete. Thus we have the following trivial observation.
Observation 1. A graph is a 2tEC graph if and only it is a complete graph.
Perhaps much of the recent interest in total domination edge-critical graphs arises from their application to diameter
2-critical graphs and in particular with the long-standing diameter 2-critical graph conjecture due to Murty and Simon
which we state below. A graph is diameter 2-critical if its diameter is two, and the deletion of any edge increases the
diameter. The concept of distance anddiameter are fundamental concepts in applications of graph.Murty and Simon (see [2])
independently made the following conjecture:
Conjecture 1. If G is a diameter 2-critical graph with order n and size m, then m ≤ n2/4, with equality if and only if n is even
and G is the complete bipartite graph K n
2 ,
n
2
.
According to Füredi [11], Erdős said that this conjecture goes back to the work of Ore in the 1960s. Fan [7] proved the
first part of the conjecture for n ≤ 24 and for n = 26, while Füredi [11] gave an asymptotic result proving the conjecture
is true for large n, that is, for n > n0 where n0 is a tower of 2’s of height about 1014. The conjecture remains open for other
values of n.
Hanson and Wang [13] were the first to observe the following key relationship between diameter 2-critical graphs and
total domination edge-critical graphs. A graph is 4t-edge supercritical, denoted 4tESC , if its total domination number is 4 and
the addition of any edge decreases the total domination number by two.
Theorem 1 ([13]). A graph is diameter 2-critical if and only if its complement is 3tEC or 4tESC.
As noted by Hanson and Wang [13], the complement of a 4tESC is a complete bipartite graph. The number of edges is
maximizedwhen the partite sets are equal in size, and so Conjecture 1 holds for this case and a subset of the complements of
4tESC graphs yield the extremal graphs of the conjecture. Therefore Conjecture 1 is equivalent to the following conjecture.
Conjecture 2. If G is a 3tEC graph with order n and size m, then m > n(n− 2)/4.
In a recent manuscript [18], Conjecture 2 is proven for 3tEC graph of diameter 3 and for 3tEC claw-free graphs. Thus
using the important relationship between diameter 2-critical graphs and total domination edge-critical graphs stated
in Theorem 1, Conjecture 1 is proven for the graphs whose complements have diameter 3 and for the graphs whose
complements are claw-free (see [18]). Equivalently, Conjecture 1 is proven for those graphs that have a dominating edge
and for graphs in which every triangle dominates the graph.
It seems to be a difficult problem to characterize ktEC graphs, even in the special case when k = 3 and k = 4. Partial
characterizations of 3tEC graphs and 4tEC graphs can be found in [13,19,21,32]. Hence it is important to study properties of
total domination edge-critical graphs in order to make further progress on Conjecture 2.
1.2. Graph theory terminology and concepts
For notation and graph theory terminology we in general follow [14]. Specifically, let G = (V , E) be a graph with vertex
set V of order n = |V | and edge set E of size m = |E|, and let v be a vertex in V . The open neighborhood of v is the set
N(v) = {u ∈ V | uv ∈ E} and the closed neighborhood of v is N[v] = {v} ∪ N(v). For a set S ⊆ V , its open neighborhood is
the set N(S) = ∪v∈S N(v) and its closed neighborhood is the set N[S] = N(S)∪ S. If X and Y are subsets of vertices in G, then
the set X dominates Y in G if N[Y ] ⊆ X , while X totally dominates Y in G if N(Y ) ⊆ X . Further, if X totally dominates Y , we
write X t Y . In particular, if X t V , then X is a TDS of G.
If X and Y are two subsets of V , then we denote the set of all edges of G that join a vertex of X and a vertex of Y by [X, Y ].
For a set S ⊆ V , the subgraph induced by S is denoted by G[S]. We denote the degree of v in G by dG(v), or simply by d(v)
if the graph G is clear from context. The minimum degree (resp., maximum degree) among the vertices of G is denoted by
δ(G) (resp., ∆(G)). A cycle on n vertices is denoted by Cn, and a path on n vertices by Pn. A leaf of T is a vertex of degree 1,
while a support vertex of T is a vertex adjacent to a leaf.
For graphs G and H , the Cartesian product GH is the graph with vertex set V (G) × V (H) where two vertices (u1, v1)
and (u2, v2) are adjacent if and only if either u1 = u2 and v1v2 ∈ E(H) or v1 = v2 and u1u2 ∈ E(G).
For two vertices u and v in a connected graph G, the distance dG(u, v) between u and v is the length of a shortest u–v
path in G. The eccentricity e(v) of a vertex v ∈ V is the distance between v and a vertex farthest from v in G. The maximum
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eccentricity among the vertices of G is its diameter, which is denoted by diam(G). The concept of distance and diameter are
fundamental concepts in graph theory and are well studied in the literature.
2. Properties of γtEC graphs
In this section we present several fundamental properties of γtEC graphs.
Lemma 1. If G is a γtEC graph, then G has the following three properties.
(a) Every vertex is adjacent to at most one degree- 1 vertex.
(b) No two support vertices are adjacent.
(c) Every vertex v of G belongs to some γt(G)-set or γt(G− v) < γt(G).
Proof. (a) IfG has a support vertex that is adjacent to two degree-1 vertices, then adding an edge between these two degree-
1 vertices does not change the total domination of G, contradicting the fact that G is a γtEC graph.
(b) If G has two adjacent support vertices, then adding an edge between the degree-1 vertices that are adjacent to these
support vertices does not change the total domination of G, a contradiction.
(c) LetG = (V , E) and let v ∈ V . IfG = Kn, then clearly v belongs to some γt(G)-set, as desired. Hencewemay assume that
G 6= Kn. Thus, γt(G) ≥ 3 and no vertex of G dominates V . Let u be a vertex at distance 2 from v in G, and letw be a common
neighbor of u and v. We now consider the graph G + uv. Let Duv be a γt(G + uv)-set, and so |Duv| = γt(G + uv) < γt(G).
Since Duv is not a TDS of G, the set Duv contains at least one of u and v. On the one hand, if v ∈ Duv , then Duv ∪ {w} is a TDS
of G of cardinality |Duv| + 1 ≤ γt(G). Consequently, Duv ∪ {w} is a γt(G)-set containing v, as desired. On the other hand,
if v 6∈ Duv , then Duv ∩ {u, v} = {u} and Duv t V \ {v}. Thus, Duv is a TDS of G − v, and so γt(G − v) ≤ |Duv| < γt(G), as
desired. 
We remark that it is possible for a γtEC graph G to have degree-1 vertices. However it is shown in [24] that for k ≥ 5, a
ktEC graph has at most k− 2 degree-1 vertices, and this bound is sharp.
In general, the removal of a vertex from a graph that is not a support vertex may cause the total domination number
to grow dramatically. For example, if G is obtained from a star K1,k, k ≥ 2, by subdividing each edge exactly once, then
γt(G) = k + 1 while γt(G − v) = 2k where v is the central vertex of G (of degree k). However this cannot happen in γtEC
graphs as Lemma 2 shows. 
Lemma 2. If G is a γtEC graph and v is a vertex of G that is not a support vertex, then γt(G− v) ≤ γt(G)+ 1.
Proof. If G is a complete graph Kn, then n ≥ 3 and γt(G − v) = γt(G) = 2. Hence we may assume that G 6= Kn. Suppose
that N(v) induces a complete graph in G. Let S be a γt(G)-set. In order to totally dominate v, the set S contains a neighbor u
of v. Note that N[v] ⊆ N[u]. If v ∈ S, then we can simply replace v in S by a vertex in N(u) \ {v} to produce a new γt(G)-set.
Hence we may assume that v 6∈ S. Thus, S is also a TDS of G − v, and so γt(G − v) ≤ |S| = γt(G). Hence we may assume
that N(v) contains two vertices u andw that are not adjacent in G, for otherwise γt(G− v) ≤ γt(G), as desired.
We now consider the edge e = uw ∈ E(G). Since G is a γtEC graph, γt(G+ e) < γt(G), or, equivalently, γt(G+ e)+ 1 ≤
γt(G). Let D be a γt(G+ e)-set. Note that D contains at least one of u and w. We may assume that u ∈ D. If v ∈ D, then D is
also a TDS of G, implying that γt(G) ≤ |D| = γt(G + e), contradicting the fact that G is a γtEC graph. Hence, v 6∈ D. Since
v is not a support vertex, we note that dG(u) ≥ 2 and dG(w) ≥ 2. If w 6∈ D, then let w′ ∈ NG(w) \ {v} and note that the
set D ∪ {w′} is a TDS of G − v. Thus in this case, γt(G − v) ≤ |D| + 1 = γt(G + e) + 1 ≤ γt(G), as desired. Hence we may
assume thatw ∈ D. If u andw have a common neighborw′, different from v, then D∪{w′} is a TDS of G−v and, once again,
γt(G− v) ≤ γt(G), as desired. Hence we may assume that N(u) ∩ N(w) = {v}. Let u′ ∈ N(u) \ {v} and letw′ ∈ N(w) \ {v}.
Then, D ∪ {u′, w′} is a TDS of G− v and so, γt(G− v) ≤ |D| + 2 ≤ γt(G)+ 1, as desired. 
We show next that γ EC graphs and γtEC graphs have fundamentally different properties. Paris, Sumner, and
Wojcicka [25] showed that if a domination edge-critical graph contains a cut-vertex, then the removal of such a vertex
from the graph produces exactly two components. However this is not the case for total domination edge-critical graphs, as
the following result shows.
Lemma 3. For every integer k ≥ 2, there exists a connected γtEC graph Gk that contains a cut-vertex v such that Gk − v has
precisely k components.
Proof. For k = 2, simply take the Gk = G5,t where G5,t is the graph shown in Fig. 1(b) and where v is a vertex of G5,t at
distance 2 from a degree-1 vertex. For k ≥ 3, let Gk be the graph constructed as follows. For i = 1, 2, . . . , k, let Hi be the
graph obtained from a 6-cycle ui, vi, wi, xi, yi, zi, ui by adding the edge vizi. Let Gk be obtained from the disjoint union of
H1,H2, . . . ,Hk by adding a new vertex v and the edges vui for i = 1, 2, . . . , k. By construction, Gk is a connected graph that
contains a cut-vertex v and Gk − v has precisely k components, namely H1,H2, . . . ,Hk. It remains for us to show that Gk is
a γtEC graph.
Let X = {x1, x2, . . . , xk}. Let U , V , W , Y and Z be defined in a similar way. Hence, U = {u1, u2, . . . , uk}, V =
{v1, v2, . . . , vk}, and so on. Note that N[X] = W ∪ X ∪ Y . Let D1 = V ∪W ∪ Z , D2 = U ∪W ∪ X and D3 = U ∪ X ∪ Y . Note
that |D1| = |D2| = |D3| = 3k.
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We show first that γt(Gk) = 3k+1. Let S be a TDS of Gk. We show that |S| ≥ 3k+1. For i = 1, 2, . . . , k, let Si = S∩V (Hi).
In order to totally dominate the vertices in V (Hi) \ {ui} in Gk, we note that |Si| ≥ 3. Hence if v ∈ S, then |S| ≥ 3k + 1, as
desired. Thus we may assume that v 6∈ S. In order to totally dominate the vertex v, we must have that S ∩ N(v) 6= ∅.
Renaming if necessary, we may assume that u1 ∈ S1. Since v 6∈ S, each set Si is a TDS of Hi. However for i = 1, 2, . . . , k,
γt(Hi) = 3 and there is no γt(Hi)-set that contains the vertex ui, implying that |S1| ≥ 4 and |Si| ≥ 3 for i = 2, . . . , k. Thus,
|S| ≥ 3k+1. Hence, every TDS of Gk has size at least 3k+1, and so γt(Gk) ≥ 3k+1. However the set (N[X] \ {w1})∪{v, u1}
is a TDS of Gk, and so γt(Gk) ≤ 3k+ 1. Consequently, γt(Gk) = 3k+ 1.
We show next that γt(Gk + e) ≤ 3k for every e ∈ E(G). Let e ∈ E(G). If e joins v and a vertex in V ∪ Z , let D = D1.
If e joins v and a vertex in W ∪ Y , say to a vertex in W by symmetry, let D = D1. If e joins v and a vertex xi ∈ X , let
D = (D2 ∪ {v}) \ {wi}. If e joins two vertices of U , say ui and uj, let D = (D1 ∪ {ui, uj, xi, xj}) \ {vi, vj, zi, zj}. If e joins a vertex
ui ∈ U and a vertex in V ∪ Z , let D = (D1 ∪ {ui, xi}) \ {vi, zi}. If e joins a vertex ui ∈ U and a vertex inW ∪ Y , say to a vertex
inW by symmetry, let D = (D1 ∪ {ui, xi}) \ {vi, zi}. If e joins a vertex in U and a vertex xi ∈ X , let D = (D2 ∪ {v}) \ {wi}. If e
joins two vertices of V ∪ Z , say vi and zj by symmetry, let D = (D2 ∪ {v, vi}) \ {ui, uj}. If e joins a vertex in V ∪ Z and a vertex
inW , say vi andwj by symmetry, let D = (D2∪{v, yi})\ {ui, wi}. If e joins a vertex in V ∪ Z and a vertex in Y , say vi and yj by
symmetry (possibly, i = j), let D = (D3 ∪ {v}) \ {ui}. If e joins a vertex in V ∪ Z , say vi by symmetry, and a vertex xj ∈ X , let
D = (D2 ∪{v, vi, zi}) \ {ui, xi, wj}. If e joins a vertexwi ∈ W and a vertex yi ∈ Y , let D = (D2 ∪{v, yi}) \ {ui, xi}. If e joins two
vertices ofW ∪Y that do not belong to the same component of Gk−v, saywi andwj by symmetry, let D = (D1∪{ui})\ {vi}.
If e joins a vertex inW ∪ Y , saywi by symmetry, and a vertex xj ∈ X , let D = (D1 ∪ {u1}) \ {wj}. If e joins two vertices of X ,
say xi and xj, let D = (D2 ∪ {v}) \ {wi, wj}. In all the above cases, the set D is a TDS of Gk + e, implying that γt(Gk + e) ≤ 3k
for every e ∈ E(G). Hence the graph Gk is γtEC . 
Lemma 4. If G is a connected γtEC graph that contains a cut-vertex v whose removal produces at least three components, then
v is not a support vertex.
Proof. Let G1,G2, . . . ,Gk, k ≥ 3, denote the components of G− v. Let I = {1, 2, . . . , k}. For i ∈ I, let Vi = V (Gi) and let vi
be a vertex in Gi that is adjacent to v in G. Assume that |Vi| = 1 for some i ∈ I. For notational convenience, we may assume
that |V1| = 1. Thus, V1 = {v1} and v1 is a degree-1 vertex in G that is adjacent to v. Let S be a γt(G + v2v3)-set. Since v is
a support vertex in G + v2v3, we must have that v ∈ S. But then S is also a TDS of G, and so γt(G) ≤ |S| = γt(G + v2v3),
contradicting the fact that G is a γtEC graph. Hence, |Vi| ≥ 2 for all i ∈ I. Thus, Gi is a connected graph of order at least 2 for
all i ∈ I. In particular, v is not a support vertex. 
We show next that if v is a cut-vertex of a connected γtEC graph that is not a support vertex, then the upper bound of
Lemma 2 can be improved. For this purpose, we introduce the following notation. For a graph G and a vertex v ∈ V (G), let
γt(G; v) denote the minimum cardinality of a set of vertices of G that totally dominates all vertices of V (G), except possibly
for the vertex v, and denote such a set of minimum cardinality by γt(G; v)-set. Note that γt(G; v) ≤ γt(G).
Lemma 5. If G is a connected γtEC graph that contains a cut-vertex v whose removal produces at least three components, then
γt(G− v) = γt(G)− 1.
Proof. Let G1,G2, . . . ,Gk, k ≥ 3, denote the components of G− v. Let I = {1, 2, . . . , k}. For i ∈ I, let Vi = V (Gi) and let vi
be a vertex in Gi that is adjacent to v in G. By Lemma 4, v is not a support vertex, and so |Vi| ≥ 2 for all i ∈ I. Thus, Gi is a
connected graph of order at least 2 for all i ∈ I. Let Nv = {v1, v2, . . . , vk}. Among all subsets of vertices of G, let D be chosen
so that
(1) D =⋃ki=1 Di, where Di ⊆ Vi and Dit Vi \ {vi} for all i ∈ I.
(2) |D ∩ Nv| ≥ 1.
(3) |D| is a minimum.
Note that it is possible that vi ∈ Di for some i ∈ I, although the vertex vi itself may not be totally dominated by Di.
We show first that γt(G) = |D| + 1. Consider the edge e = v1v2 ∈ E(G). Since G is a γtEC graph, γt(G + e) < γt(G).
Let S be a γt(G + e)-set. Then, S contains at least one of v1 and v2. If v ∈ S, then S would also be a TDS of G, implying that
γt(G) ≤ |S| = γt(G + e), a contradiction. Hence, v 6∈ S. For i ∈ I, let Si = S ∩ Vi. For i ≥ 3, the set Si is a TDS of Gi, and
so Sit Vi. Further if Si is not a minimum TDS of Gi, then letting S ′i denote a γt(Gi)-set, the set (S \ Si) ∪ S ′i would be a TDS
of G + e of cardinality less than |S|, a contradiction. Hence, Si is a γt(Gi)-set for i ≥ 3. Since Sit Vi for i ≥ 3, we have that
Sit Vi \ {vi} for i ≥ 3. For i ∈ {1, 2}, the set Si ⊆ Vi totally dominates all vertices of Vi, except possibly for the vertex vi.
Hence, Sit Vi \ {vi} for all i ∈ I, and so the set S satisfies Condition (1). As observed earlier, |S ∩ {v1, v2}| ≥ 1, and so the
set S satisfies Condition (2). Thus by our choice of the set D, we have that |D| ≤ |S|. Since D ∪ {v} is a TDS of G, we have
that γt(G) ≤ |D| + 1. Thus, γt(G)− 1 ≥ γt(G+ e) = |S| ≥ |D| ≥ γt(G)− 1. Hence we must have equality throughout this
inequality chain. In particular, γt(G) = |D| + 1. Further, |D| = |S|.
We show next that γt(Gi; vi) = γt(Gi) for all i ∈ I. Assume that γt(Gi; vi) < γt(Gi) for some i ∈ I. Renaming if necessary,
wemay assume that γt(Gk; vk) < γt(Gk). Proceeding as before, we have that Sk is a γt(Gk)-set, and so γt(Gk; vk) < |Sk|. Let S ′k
be a γt(Gk; vk)-set, and let S ′ = (S \Sk)∪S ′k. Then the set S satisfies conditions (1) and (2) but |S ′| < |S| = |D|, contradicting
our choice of the set D. Hence, γt(Gi; vi) = γt(Gi) for all i ∈ I.
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(a) H3 . (b) H4 .
Fig. 2. The graphs H3 and H4 .
We show finally that |Di| = γt(Gi; vi) for all i ∈ I. Since Dit Vi \ {vi} for all i ∈ I, we have that γt(Gi; vi) ≤ |Di|. If
γt(Gi; vi) < |Di| for some i ∈ I, then
γt(G)− 1 = |D| =
k∑
i=1
|Di| ≥ 1+
k∑
i=1
γt(Gi; vi) = 1+
k∑
i=1
γt(Gi) = 1+ γt(G− v),
and so γt(G− v) ≤ γt(G)− 2. However every γt(G− v)-set can be extended to a TDS of G by adding to it any vertex in Nv ,
and so γt(G) ≤ γt(G− v)+ 1. This produces a contradiction. Hence, |Di| = γt(Gi; vi) for all i ∈ I. Thus,
γt(G)− 1 = |D| =
k∑
i=1
|Di| =
k∑
i=1
γt(Gi; vi) =
k∑
i=1
γt(Gi) = γt(G− v),
as desired. 
3. γtEC graphs of small diameter
In this section, we show that for every integer k ≥ 3, there exists a ktEC graph of small diameter. The only graphs with
diameter 1 are the complete graphs Kn, n ≥ 1, which, except for K1, are vacuously 2tEC . Using known result, we can readily
establish the existence of γtEC graphs of diameter 2.
Proposition 1. For every integer k ≥ 3, there exists a ktEC graph of diameter 2.
Proof. Consider the Cartesian product Mk = Kk  Kk. It is easy to verify (or see [6] for a short proof) that diam(Mk) = 2.
The k vertices in any copy of Kk in the graphMk form a TDS ofMk, and so γt(Mk) ≤ k. It is known (see [1]) that γt(Mk) = k.
Let Nk be obtained fromMk by added edges, if necessary, so that γt(Nk) = γt(Mk) = k but γt(Nk + e) < k for all e ∈ E(F k)
(possibly, Nk = Mk). Since Nk is not complete, diam(Nk) = 2. Thus, Nk is a ktEC graph of diameter 2. 
Proposition 2. For every integer k ≥ 3, there exists a ktEC graph of diameter 3.
Proof. For k ≥ 4 even, let Hk be obtained from the disjoint union of k/2 copies of P4 by forming a clique on the set of k
vertices that have degree 1 in these paths. For k ≥ 3 odd, let Hk be obtained from the disjoint union of (k − 1)/2 copies of
P4 and one copy of P2 by selecting one vertex from the path P2 and the k− 1 vertices of degree 1 in the paths P4 and forming
a clique on the resulting set of k degree-1 vertices. The graphs H3 and H4 are shown in Fig. 2.
Let Vk be the set of k vertices in Hk that induce a clique, and let Uk denote the remaining k vertices of Hk. Since every
vertex in Uk is adjacent to a vertex of Vk, diam(Hk) ≤ 3. However two vertices of Uk that are not adjacent are at distance
exactly 3 apart in Hk, and so diam(Hk) ≥ 3. Consequently, diam(Hk) = 3.
We show next that γt(Hk) = k. Since Vk totally dominates V (Hk), we have that γt(Hk) ≤ |Vk| = k. Every TDS of Hk must
contain at least one vertex from the open neighborhood N(v) of every vertex v ∈ V (Hk). Every pair of vertices in Uk have
disjoint open neighborhoods. Hence every TDS of Hk contains at least |Uk| = k vertices, and so γt(Hk) ≥ k. Consequently,
γt(Hk) = k.
We show finally that Hk is a ktEC graph. For each vertex u ∈ Uk, let u′ be the unique neighbor of u in Vk. Thus,
N(u) ∩ Vk = {u′}. Let e ∈ E(Hk). Then either e ∈ [Uk, Vk] or e ∈ [Uk,Uk]. Suppose e ∈ [Uk, Vk]. We may assume that
e = uv where u ∈ Uk and v ∈ Vk. Then, Vk \ {u′} is a TDS of Hk + e. Suppose e ∈ [Uk,Uk]. Let e = uv. At least one of u and
v has degree 2 in Hk, say v. Let w be the neighbor of v in Uk, and so N(v) = {v′, w}. Then, (Vk \ {u′, w′}) ∪ {v} is a TDS of
Hk + e. In both cases, γt(Hk + e) < k = γt(Hk). Hence, Hk is a ktEC graph. 
Proposition 3. For every integer k ≥ 4, there exists a ktEC graph of diameter 4.
Proof. For k ≥ 4 even, let Lk be obtained from the disjoint union of (k−2)/2 copies of P4 and one copy of P3 by selecting one
vertex of degree 1 from the path P3 and the k− 2 vertices of degree 1 in the paths P4 and forming a clique on the resulting
set of k − 1 degree-1 vertices. For k ≥ 5 odd, let Lk be obtained from the disjoint union of (k − 3)/2 copies of P4, one copy
of P2, and one copy of P3 by selecting one vertex from the path P2, one vertex of degree 1 from the path P3, and the k − 3
vertices of degree 1 in the paths P4 and forming a clique on the resulting set of k− 1 degree-1 vertices. The graphs L4 and L5
are shown in Fig. 3.
Let Vk be the set of k− 1 vertices in Lk that induce a clique, and let Uk denote the remaining k vertices of Lk. Let uk be the
vertex of Uk that is not dominated by Vk and let uk−1 be its neighbor. Since every vertex in Uk \ {uk} is adjacent to a vertex
of Vk, diam(Lk) ≤ 4. The vertex uk is at distance 4 from every vertex in Uk \ {uk, uk−1}, and so diam(Lk) ≥ 4. Consequently,
diam(Lk) = 4.
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(a) L4 . (b) L5 .
Fig. 3. The graphs L4 and L5 .
We show next that γt(Lk) = k. Let Dk = Vk ∪ {uk−1}. Then, Dk totally dominates V (Lk), and so γt(Lk) ≤ |Vk| + 1 = k.
Since every pair of vertices in Uk have disjoint open neighborhoods, every TDS of Lk contains at least |Uk| = k vertices, and
so γt(Lk) ≥ k. Consequently, γt(Lk) = k.
We show finally that Lk is a ktEC graph. For each vertex u ∈ Uk \ {uk}, let u′ be the unique neighbor of u in Vk. Further, let
u′k = uk−1. Let e ∈ E(Lk). Then either e ∈ [Uk, Vk] or e ∈ [Uk,Uk]. Suppose e ∈ [Uk, Vk]. We may assume that e = uv where
u ∈ Uk and v ∈ Vk. Then, Dk \ {u′} is a TDS of Lk+ e. Suppose e ∈ [Uk,Uk]. Let e = uv. On the one hand, suppose u and v, say
v, is a vertex from a copy of P4 that was used to construct Lk. Letw be the neighbor of v in Uk, and so N(v) = {v′, w}. Then,
(Dk \ {u′, w′}) ∪ {v} is a TDS of Lk + e. On the other hand, suppose that neither u nor v are vertices from a copy of P4 that
was used to construct Lk. We may assume that u = uk−1 or u = uk (and that v is a vertex from a copy of P2 that was used to
construct Lk). If u = uk−1, then Dk \ {v′} is a TDS of Lk + e. If u = uk, then (Dk \ {uk−1, u′k−1, v′})∪ {u, v} is a TDS of Lk + e. In
all cases, γt(Lk + e) ≤ |Dk| − 1 = k− 1 < γt(Lk). Hence, Lk is a ktEC graph. 
4. γtEC graphs and maximum degree
Let G be a connected graph of order n and maximum degree ∆. Cockayne, Dawes and Hedetniemi [4] were the first to
observe that if n ≥ 3 and ∆ ≤ n − 2, then γt(G) ≤ n − ∆. Our aim in this section is to show that for every integer k ≥ 3,
there exists a ktEC graph G satisfying γt(G) = n−∆.
Proposition 4. For every integer k ≥ 3, there exists a ktEC graph Gk such that k = γt(Gk) = |V (Gk)| −∆(Gk).
Proof. When k = 3, simply take Gk = C5, while for k = 4, take Gk = C6. Hence in what follows we may assume k ≥ 5. We
consider two cases, depending on the parity of k. Suppose first that k ≥ 5 is odd. Then, k = 2s + 1 for some integer s ≥ 2.
Let Gk be the graph obtained from a complete graph Ks+1 by adding a path of length 2 to s vertices of the complete graph so
that the resulting paths are vertex disjoint and adding a pendant edge to the remaining vertex of the complete graph. The
graph Gk has order n = 3s+ 2 and maximum degree∆ = s+ 1.
We show that Gk is a ktEC graph. Let the vertex set of the complete subgraph Ks+1 be X = {x, x1, x2, . . . , xs}. For
i = 1, 2, . . . , s, let xi, yi, zi be the path of length 2 added to xi. Finally let xz be the pendant edge added to x. Let Y be the set
of s degree-2 vertices in Gk and let Z be the set of s+1 degree-1 vertices in Gk, and let V = V (Gk). Then, V = X ∪Y ∪Z . Since
the 2s+ 1 vertices in Y ∪ Z have disjoint open neighborhoods in Gk, we have that γt(Gk) ≥ |Y | + |Z | = 2s+ 1. However the
set Y ∪ Z totally dominates V , and so γt(Gk) ≤ |Y | + |Z | = 2s+ 1. Consequently, γt(Gk) = 2s+ 1.
To show that Gk is a ktEC graph, let e ∈ E(Gk). If e joins z to a vertex in X ∪ Y , let D = (X ∪ Y ) \ {x}. If e joins z to a vertex
zi in Z , let D = ((X ∪ Y ) \ {x, xi, yi}) ∪ {z, zi}. If e joins x to a vertex yi in Y , let D = (X ∪ Y ) \ {xi}. If e joins x to a vertex zi in
Z , let D = (X ∪ Y ) \ {yi}. If e joins a vertex xi in X to a vertex yj in Y , let D = (X ∪ Y ) \ {xj}. If e joins xi in X to a vertex zj in
Z (possibly, i = j here), let D = (X ∪ Y ) \ {yj}. If e joins two vertices of Y , say yi and yj, let D = (X ∪ Y ) \ {xj}. If e joins two
vertices of Z \ {z}, say zi and zj, let D = (X ∪ Y ∪ {zi, zj}) \ {xj, yi, yj}. If e joins yi in Y to a vertex zj in Z , let D = (X ∪ Y ) \ {yj}.
In all the above cases, the set D totally dominates V in Gk+ e and |D| = 2s. Hence, γt(Gk+ e) ≤ 2s for every edge e ∈ E(Gk).
Thus, Gk is a ktEC graph.
Suppose next that k ≥ 6 is even. Then, k = 2s for some integer s ≥ 3. Let Gk be the graph obtained from a complete
graph Ks by adding a path of length 2 to each vertex of the complete graph so that the resulting paths are vertex disjoint. The
graph Gk has order n = 3s and maximum degree∆ = s. Using identical techniques as before, we can show that γt(Gk) = 2s
and that γt(Gk + e) ≤ 2s− 1 for every edge e ∈ E(Gk). Thus, Gk is a ktEC graph. 
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